The Lopatinski determinant of small shock waves may vanish 

(H. Freistiihler, Konstanz, and P. Szmolyan, Vienna : February 18, 2011) 



Consider a hyperbolic system 

d t u + d xl F l (u) + d X2 F 2 (u) = u (i) 

o . 

£N| , of (at least two) conservation laws in two space variables and a corresponding piecewise 

r^i ' constant Laxian shock wave 

<D 

U{x,t) = { tt + n (2) 



U + , a?i>0, 
of speed 0. The Kreiss-Majda Lopatinski determinant 

A(r,0 = det(R^(r,0,...,R^ 1 (r,0,r[U]+i[Fi(U)],R; +1 (T^),...,R^(r,0) 



< 

of d2J) is defined on 



S = {(r,0eCxR : Rer>0, \ T \ 2 + f = 1} 



> ■ with F* = £,F 2 and 

ON 

cn: {R^(r,o,---,R^i(r,m, {RZ + i(r,o,---,RZ(T,m 

CN ! continuous bases for the (extensions to 5 of) the stable/unstable spaces E~(t,£), E + (t,^) 

of 

A(t,C) = (rl + iDF^(U T ))(DFi(U T ))^ 1 . 
We call a simple mode A = A (£7, iV, £) of a system (0Q) Metivier convex if 
'jh : (a) DuA(U,N,0) <£ Mt-lm(D(FN)(U) - A(U, N, 0)1) ("genuine nonlinearity" ) and 



(b) D|A(£7, N, 0) > 0. 

It has been proved in pQ (and reproved in [2]) that sufficiently small Laxian shock waves 
associated with a Metivier convex mode have 

A(r, £) ^ for all (t, ()g5, if p = 1 or p = n. (3) 
In this note we show: 

Proposition 1. There exist symmetric constant-multiplicity hyperbolic systems (HJ of 
conservation laws with a Metivier convex mode such that for any sufficiently small shock 
wave associated with that mode, 

A(ia, = for some a, £ G R with a 2 + f = 1. (4) 
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Proof. Consider a system 

dtu + d Xl f 1 (u) + d X2 f 2 (u) = 0, (5) 
d t v + d Xl gi{v) + d X2 g 2 {v) = 0, (6) 

where ([5]) by itself is a symmetrizable hyperbolic system of conservation laws with modes 
of constant multiplicity, among which at least one, \ p , is Metivier convex. Assume that 
for some point u* in the state space of © and for propagation direction TV* = (1, 0) T , this 
mode has zero speed, 

A p (u*,iv;,o) = o. 

E. g., system ([5]) could be the Euler equations for compressible fluid flow and A p the 
acoustic mode. 

Tune ([6]) by choosing g 1 ,g 2 : R 2 -> R 2 as 
with some 

s > max{|A| : A eigenvalue of D/i(ii*)}. (7) 

Fix a family of small-amplitude p-shock waves (u~ , uf) of © with speed and propagation 
direction TV*, perturbing from = u*. Augmenting u to U = (u,0), this family trivially 
induces a family of small- amplitude shock waves (U~ , C/ e + ) of ([5]). Since the characteristic 
speeds of ([6]) are — s and +s and by virtue of ([7]), the augmentation increases both the 
number of outgoing and that of incoming modes by 1, on either side of each shock wave. 
As ([5]) and ([6]) are completely independent from each other, the Lopatinski determinant 
A e of the shock wave (U~ , U^~) contains a factor 

<y = det(r-(r,0,r + (r,0) 
with r~(r, £), r + (r, £) spanning the stable/unstable spaces of 

^H<:o))(o-°,p 

Writing 

r = ia, and (i = i(3 
for the possible eigenvalue /i of 6(r, £), we see that as 

de,(W f (» J)+^(J _°,))=^ + ^-^), 

these spaces coincide at the branchpoints given by 

a e {±s(l + s 2 )" 1 / 2 } and £ € {±(1 + s 2 )' 1 / 2 }. 
At these (four) points, 5 and thus A e vanish. 

Remark: Obviously, property (J4]) remains true if one modifies / and g by adding arbitrary 
smooth functions (of u and v ) which are 0(\v | 2 ). 
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